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BirationalAutomorphismsofVanetiesofGeneralType_
. I Hawn - McKernan - Xu)

.Thm # Births c. roll X, Kx)
.

Thm IPCC of volume for global quotients)
i { rollX, Kx-10) : IX.b) global quotient} is Doc

.

Thm8Deformation invariance of log plum
'

general
- IT : ✗→T proj . morphism of smooth vars. IX.d) lc and SNC over -1.

a) If Kx to is felt
,
and either Kx to orb is big over T.ME/Z+s.t.mO Cartier.

Then tilXt . mlkxe +Dt )) is constant for te?

en Voll Xt , Kxttot) is constant for teT.

Ptin Blowing up 4.0) to make it a terminal pair .
1-E t - s th

( 1- i - e I t.fi-a)
Apply Prop 4.2 .

in v01 ( Xt . Kxt +Ot) = ¥70 V01 (Xt , Kxi +4-E)Ot) ☐

THE Doc of vol for fir bounded family)
Fix I C- To .☐ with DCC

.

@ a set of SNC pairs (X >8) which is log fir founded,
and coeff 10) EI

.

Then { roll Kx-10) : (✗b) c-D } has DCC .



Thm 1 Criteria for log brr bolded family)
Fix n , A. 8>0 . The setof CX>b) satisfying:

in IX.a) le . proj , dim n

th Coeff (o) > f

in 7- m s -t
.

rollmlkx-107) ⇐ A and ¢k×+m(k×+o) is birational
.

is log bir . bounded .

Thm I ¢mik×+o) is fir for large m ) ( Tsuji )

IX.a) global quotient , Kx -10 big . Then 7- Clm sit . ¢mk×+o) is fir if
• m> Ct and Vol ( X , Cm- Dlkx-10)) > Incl?

"

Lemma23.4_" ( Potentiallybrr divisor = bir map)
in D potentially bir ⇒ kxéfp fir

in Op bin ⇒ 12h-11 ) LDJ is potentiallybin.

"

L.6
"

1 Numerical criteria for potentially fir divisors)

(* Can be checked on abrar of ✗ → induction on dim✗)
.
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tmall.tt?3girlX)sc.vof-/ybm1-4:Dccofvolforquot#
I

|Thm3l:Criterionforlog#| µmt9:Dccofvolforlogbi#-|bddedfamily- Added family

¥*÷÷f-Thml.se:1?eform.inv.oflog-f1Thm6.1:T---µmma2-3.4= plurigenera

ILemma2.3.to#AssumptionsW
i

|ThmtLindrmn-#-



1. Deformation Invariance of hogPlumgenera
Prop# ( simultaneous log terminal models)
IX.d) ☒- factorial log pair . T smooth curve

.

IX.a) → T proj . morphism st every component of 0 dominates T
and CXt . Ot ) terminal

,
ft c-T .

0ET closed pt . Suppose
a) D or Kx to big over T

or no components of 0. belongs to Bsp ( Kxo +Do )
Then I lt model IX.0) -

f-
- Y over T sit .

• f is isom at generic pts of Oo
• Xo -

to
- > Yo is a weak lt model of ( Xo . do )

.

Sketch

Proof I Assume Kx-10 is pseff)

A) + BCHM⇒ Run NANP (Kx-10) - MMP over -1 :

( xk , ok) - -8? > (XKH , ok-11)
g- j
X. -

¥
> *

Claire HK

(a) g
" is an isom at generic pts of ☐ ok

.

1h ( ✗ok , of ) is terminal
.

a) gk is a fir contraction .

☐



prop-4.rs ✗→T flat pnj morphism . IX.07 log pair .

Every component of 0 dominates T.CX-e.at ) ④ - factorial terminal FTET.

For any component R of D, R
→T has irred fibers .

Let m> 1 sit . mckx +a) = :D is Cartier
.

Suppose 0 or Kx+0 is big over T .
then

h° ( Xt
,
Dt) is constant for teT.

Sketch

Proof Ox (D-Xt) → Ox (D) → 0×+1Dt)

•→ HOLD-Xt) → tilD) → HitDt) → H' (Dtt)

Ob if ti ID-Xt) → ttET .

then done
.

KV vanishing : require Kx + (big & nef) + (small)

D- Xt = mlkxto) -Xt - ☐



2. Dcc ofvol for for folded family
Def ( b- divisor)

←
BW) =av

A b- dir B on ✗ is B. = Fav . v ar c-R

over all val von ✗ s.t.lt fir model f- . - s ✗ ,

{ v : auto & v is a dir on Y} is finite .

Poy := I ar -Bv ( Bv is the div on Y corresp.to V) is a finite sum .

(Equiv, B is a system of div {By : Y fir model of × }

Y,
f- Yr

I f-
* By,

= By, )
✗

Def Fix IX. 07 log pair

Wow, = {
MMTB lol

.
if center In = B is a dir on ✗

1 , else
.

tho . ✗ = 0 , calf 1 for any exc. dir . )

Low ) - max { 0 , - a IX. 0 : V) }
,
i. e.

YI>✗ . Ky -17=-11*(14+0) + E , T, F-30.

then Lay = T.



E± ÉA ,
attitbttu) th

v = weighted blow-up (vi. Vv) c- Ñ + Hi

a IX. oiv) = V1 ( ta) + Vz (1- b) - 1
.

Lemma IX.D) proj . log pair , X.Y.Z.IQ- factorial .
in Y→ ✗

,
then

rot IX. kx -10) = v01 (Y, Ky + Lois ) = v01 ( Y. Ky -1T)

if 7- Lay 30 is exceptional .
in ✗I Z , 0=0^1-11*0 >✗

.

.
then

v01 ( Kx -10) = v01 ( Kx -10-7
.

" Lo is the smallestdivisor at .

vol is unchanged .

"

Lemmata / Notation

( Z , E) SNC , lc pair . Suppose LIM >0 > then

centeron =W is a stratum of CZ,E)
,

and

7- ! Tv→ Z sit plyv /Z ) = 1 , Yu ☒-fact , v dir on Y.

1¥ : BCHM
.



THE Doc of vol for fir bounded family)
Fix I C- To .☐ with Doc

.

@ a set of SNC pairs (XO) which is log fir founded,
and coeff 10) EI

.

Then { roll Kx-10) : (Xo) c-D } has DCC .

Prat

Stepo Reduction
.

Log birbdd : I CZ> B)→ T .
B reduced

,
s.t.V-lx.DE@

7- TET . ✗ f-> Zt . supplBt) 2 supp lf*o)

Uexccf - 1)

Assume I C- I. Can replace CZ, E) ← ( É, I
'

)
IX.A ← hi , Moni)

Assume :

n T reduced connected
.

. (Z > B) is SNC over T .

• Frey stratum of CZ
. B) i med fiber over T

" T smooth
.



Stepter Reduce to 7- pt , using Them 1-8 .

IX.d) ED
,
✗ f- Zt , I = f-*0 .

f-Strategy : Find It on Zt with coeffl -4+1 C- I
and rot IX. 0) = v01 LZT > It) =p

v01 ( Zo , Eto) . f-
(Ibm 1. 8)

Let I = { v : vis a dir on ✗ and f- exc .
Levi >0 }

.

Then I blow-up of strata of (Zt , -01 ) : X
' -% Zt

s.t.lt VEE is a dir on X
'

.

µW §
✗ -

- → ×
'

f) If '
Zt

Let D= No
, ×? lcodfKDEI)

.

Claim : roll kx to) = roll Kx'tD)
.

( Lem 5.3)



Assume : t blows up strata (Zt , E)
.

IZ , B) SNC /T . Assume (strata B) n Zt = strata Bt .

7- Blowup Z
'

→ Z
,
and dir B

'

on Z
'

st
.

✗
'
= ÉÉ , D= BE

.

roll Kx -10 ) = v01 lkx ' -10
') = roll Zt? BÉ )

"¥ roll Zo' , Bo
'

)
.

step2_ Suppose (Xi , Oi ) 2- . coeffloi) C-I
vi = roll Kxitoi) , fix Oi = Ii E B .

Assume : . Wiz Viii
.

limvi

• For fixed rat V , Moin) is non decreasing .

. For any
rat v n >

.

Goat v = Vi
.

f-strategy : I = Iim Ii → Ii
.

roll Kxi +Oi ) £ roll Z.kz + Ei) E rollZ.kz+E.)
It suffices : He>0 , for alf . large i.

roll kxitoi ) > roll Z.kz + 4-E)E)
.

( ⇒ ✓ = roll kz +E)



Suppose I Y, I = Literati) → Z terminal SNC model
,

roll Z.kz + 4-G)E) Em roll Ky + E)
in,= roll kw + LE

>
W)

Xie - - - Y
⇐ roll kxi-LE.li )

§ I
want : Oi > LE

. Xi .
It

bir transf .

of E on Xi .

⇒ Noisy > E f-

Steps .

B. = him Moi . Bz = I = him f-*Oi .

Case I : LEE Po
.

Pick CY , I = LitesE.Y) termat SNC model . .

For small e>0 , 7- if (E) >
0 St.

La - e)☒ if I 4- g)LEY ELEY
£ BY = lim Moi,y

.

⇒ FE For is> 1 ,
La - e)I.Y E Moi ,Y . .

so done !



case-i.LK .

Goat Replace LZ >E)← ( Z
' ,É)

(Xiioi) → z
'

.

B by B
>
on Z

'
st .

in v01 (Kxitoi ) = volt kxi
' -10T)

in I' = Ucoeffldi
'

) Dce

137 B' = limllop , I
>
= B'z ?

a) LÉ<_B
Hz Hi Hu

EI
.

2- =# Hi ← Er# =Xi

☒ = Hi -11-12 Oi = Hi -11-12-1 a- Ev

v : blowup of Hirth

LIN) =L Btv) = limlloicv)

= limci < 1
.

Emin : should replace Z by BIVZ !



Def B b-dir on Z , (2-501) SNC
.

For Éf→ (Z>E) log read, define CZ :B? E ') to be :

- I = { o : o is f- exc dir on Z
'

.
LEG) > 0}

' B
'

: = Balto
,

where -0 on Z
'

⇐ → 2-

⑤ = A ETO
. Z
'

. To = (LEA B)yo .

extracts of
OEE

Rmk_ : I
>
= B'z' E LI , Z' .

Lemma V- ( Z > B. E) SNC ,
7- seq . of processes above .

ending with ( Z
'

> B? E
'

) s.t.

La 's B?

pf_
.

For each stratum W of E :

w = {
# {D: coelfo (E) =L . DZW}

,

if 7- v s-t.

Center) =W
-1

,
else

. BW) <LEW)

Goal : Find ( Z ' . B) that decreases W.



Assume : -2 = AH
,
☒ = Ici Hi

.

OEGE . . . scene 1 .

Cs < 1
> Csu = 1

where S = h-w.

Then every toric rat ✓ = (V1 , - - - .vn) C-Ñ .

LEM = 1- ¥
,

Vill - Ci)(>o )

7- =/ vi. → vs ) : 1- ,É
,

vill-ci) >o } c- IN?

flu ,
.
- -

,
Vs ) c-F. find Vsti

,

. .
. .vn S.t.

B / V1 , - -

> Vn) = min { B( V1 . - - > Vs >
Us-11

,
-

-

> Usn)}
,

f Ui c-N

E setval
.

I← F.

E± *? FH , + the

+
Hr

t.EE.



Let É→ (7) E) log rent st. toe -2 ,
o is a dir on Z

'

, and Z
'

→ To

I -2? B? ¥
'

) be defined as in the def.

Claim : wt IZ
'

, I
'

) < W
.

In W= 0
.

If 1¥ on > BÑ ) 30 .

fetch >0 ⇒ LEW) > LE'M > 0 .

⇒ v c-I

But then Latin = Btv) = coettv (E) ,

contradiction !

(2) W> 0 .

Proof by Pic :

>
0



tht "

!
"^ """* """

>

Us

>
0

= (z :-& ')
.

⑦

e.⑦ LEND = 1- Ivciltci)

suppose Lakh > BTV)? then v=( V1 , -

-

> Vn)

ofI : 0 = ( V1 , . . - Ns
.

.

- - - ) : Blois BW) < 1 .

daim:_ wt ( Yo , Tf = Chien B)Tr) 3 W
.

en

wt CZ
'

>E) at centerW )

= # { u : u is in the suture containingµ÷ ,

✓ and u c-I }
.

Yr

In part , v is in shone spanned by
0, e, , - -

> et s
' - '

> In ,
I E s

.



✓ = I# ei + do d- = Vi for ies
.

⇒ D= 1
.
V30

.

L☒ 'M ELFIN

ELFIN

⇐ Blot

EBIV)

= BTV)
.

.
contradiction !

☒g


